ON THE INVERSE OF THE SUM OF TWO SECTORIAL OPERATORS 
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Abstract. We study an abstract linear operator equation on a Banach space by using the inverse of 
the sum of two sectorial operators. We prove that the boundcdness of a special type of operator valued 
i?°°-calculus is sufficient for maximal regularity of the solution. We apply the result to the abstract 
parabolic problem, to give a maximal L p -regularity condition. We also study the abstract hyperbolic 
(N. problem and give a sufficient condition for the existence of solution. 

o 

^ " 1. INTRODUCTION 

i— »; 

, We consider an abstract linear operator equation on a Banach space E of the form 

(1.1) (A + B)x = y, 



< 



> 



where A, B are closed linear (resolvent) commuting operators. The importance of the above equation is 
that instead of considering the equation on E we can consider it on the E- valued L p space L p (0, T; E), 
■ for some T > and p <E (l,oo), and take B to be the first or the second derivative with respect 

to t E (0,T), with appropriate boundary conditions, to obtain the abstract parabolic and hyperbolic 
problem respectively (i.e. the first and second order abstract Cauchy problem) . In such problems we are 
interested in sufficient conditions for the existence of a solution and also the regularity of solution. 

In [TJ, it has been shown that the sectoriality property for the operators A and B (i.e. the good 
asymptotic behavior of the resolvents in some sectors) is sufficient for the existence of a unique solution 
of (|1.1|) . for any y 6 E, which also depends continuously on y. From the analysis there, it follows that the 
closedness of the sum of the two closed operators A and B is connected to the maximal regularity of the 
J**"- ■ solution, i.e. to the fact that the solution belongs to the intersection of the domains T>{A)fYD{B). The last 

property plays an important role in the approach of the nonlinear problems (see [2]). In [3] the problem 
1 (jl.ip is studied in the case of a UMD space E, for sectorial operators having bounded imaginary powers, 

and a sufficient condition is given for the closedness of the sum and hence for the maximal regularity of 
the solution. An application to the first derivative is also given. In [3] by using the connection between 
the boundcdness of the joint functional calculus and the closedness of the sum for two sectorial operators 
(see Proposition 2.7 in [6]), another answer is given to the maximal regularity question, by requiring 
bounded iJ°°-calculus to one of the operators and Radcmacher boundcdness to the other. 

In section 2 of this paper we study the problem (|1.1[) in a classical sense, by using a formula for the 
inverse of the sum of two operators. The formula we use is the same as in [TJ. Nevertheless, we apply a 
different approach by means of complex powers of the operators. Namely, we regard the inverse of the 
sum of the operators restricted to the images of complex powers with negative real part. In this way, we 
prove the same results as in [7J concerning the interpolation spaces. Moreover, in a similar approach, by 
considering the inverse of the sum on the image of the analytic continuous semigroup generated by at least 
one of the two operators, we see (Theorem 12. ip that we can impose a weaker condition for the closedness 
of the sum than that one of the bounded operator valued if °°-calcums (Proposition 12. ip . Hence, we find 
that a sufficient condition for the sum to be closed is that one of the two operators, which has to be a 
generator of an analytic bounded semigroup, has to admit a bounded i/°°-calculus for operator-valued 
holomorphic functions of exponential decay. In the third section, we apply the abstract result to the 
first derivative. In section four we study the abstract hyperbolic problem. Since the second derivative is 
not a sectorial operator, we treat the problem by defining the inverse of the sum in a special way and 
proceed by using sectorial projections. The results we obtain are of maximal regularity for the solution 
but not for all y in E. We show that a sufficient condition for the above is that in addition to the classical 
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sectoriality property, the operator has also to admit a behavior similar to the sectoriality on the right 
hand side of a parabola (see Definition 14.11) . 

2. The inverse of A+B 

Definition 2.1. (Sectorial operators) Let E be a Banach space, K > 1 and 9 G [0,7r). Let Vk{9) be the 
class of closed linear operators in E such that if A £ T j k{9), then 

S fl = {z€ C||argiz| < 9} U {0} C p{- A) and (1 + \z\)\\(A + z)~ l \\ < K, Vz G Sg. 

Also, letV{9) =U K V K {9). 

If A € V(9), then by a sectoriality extension argument (see the Appendix) we can always assume that 
9 > 0. 

Definition 2.2. For any p>0 and 9 G (0,7r), let T Pi # be the positively oriented path 

{pe^ eC\9 <<P<2ir-9}U {re ±w G C | r > p}. 

If p = 0, we denote T Pi g by Tg. 

We define next a special type of bounded 7J°°-calculus, for holomprphic operator valued families which 
decay exponentially in the complement of the sector of a sectorial operator. 

Definition 2.3. Let E be a Banach space and A G T J {9). Let H'£^(9) be the space of all bounded 
holomorphic functions f : C \ S$ —t £>{E) such that f(X) and (A + z)" 1 commute for all A G C \ Sg and 
z G Sg, and 

W.fW\\c(E)<c\X\e- 5 ^, for any XeC\Sg, 
for some c, S depending on f. Any f £ H^^;\(S) can be extended to non-tangential values in dSg, and 
defines an element in C{E) by 

f(- A ) = irii f( x )( A+x r ldX - 

We say that A admits a bounded H^^(9) -calculus if ||/(-<4.)||£(.e) < C^H/Hoo for any f G ^£(\e)(^)> 
where Ca is independent of f and ||/||oo is the supremum norm of \\ f (X)\\ ns) ■ 

Since we regard only commuting operators, we recall the following definition. 

Definition 2.4. Two closed linear operators A, B in a Banach space E are resolvent commuting if there 
exist some A G p{— A) and p G p{—B) such that 

[(A + X)-\(B + py 1 }=0. 

At the following wc will use (without mention it) Lemma 4.9.1 in pQ. The first part of next theorem 
is contained in the results of [7]. 

Theorem 2.1. Let E be a Banach space, A G V(9a) and B G V(9b) be resolvent commuting with 
9 A > 9 B and 9 A + 9 B > it. Then, A + B with V{A + B) = V(A) n V(B) is closable and the following 
equation 

T~A+~B)x = y, 

for any y G E, has a unique solution x G f] g<1 (E, T>(A))g >q n {E,V(B))g >q , for any q G [l,oo), given by 

x = ^-.l (A-zr^B + z^ydz. 

2m JTe B 

If 

ye \J(E,V(A)) e<p U {E,V(B)) e , p , 

8>0 

for some p G [1, oo), then x G D(A) n B(B). 

Moreover, if A admits a bounded H^^(9 a) -calculus, then x G D(A) n D(B) for any y G E and 

(A + B) = A + B. 
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Proof. Let the bounded in E operator 

(2.2) /C = -L / (A-z)- 1 (B + z)- l dz. 

2 ™ Jr, B 

By a sectoriality extension argument and Cauchy's theorem, in the above integral formula we can replace 
the path Tg B by c + Tg B for some cgK sufficiently closed to zero. Also, we can assume that 9a > 6b- 

Let ye (E,T>(A)) e , tP for some < 6' < landpe [l,oo). Then, by 1.2.5.2 and 1.2.9.6 in pQ, y £ V(A e ) 
for any < 9 < 6' . If we take c < 0, then by the standard way of defining fractional powers for sectorial 
operators (see Theorem III. 4. 6. 5 in [Tj), for sufficiently small p > and the path T Py g A , we have 



ICy = — / (A - z)-\B + z)- 1 A- e A 6 ydz 
2™ J c+raB 

= -L / {A ~z)-\B + z)-\±-. [ (-\)- e (A + \)- 1 dX)A e ydz 
= (w-f I I (B + z)- 1 {-\)- e (A~z)- 1 (A + X)- 1 A e ydXdz 

Z7TI 



(;^-) 2 / / (B + zy 1 (^X)- e (z + \)- 1 ((A-z)- 1 -(A + X)- 1 )A e ydXdz 

c+i 9b P ,e A 

(^) 2 / / (A-z)- 1 (B + z)- 1 (-A)- e (z + A)- 1 A e ydAdz 



(A + X)~ 1 (B + z)- 1 (-A)- e (z + X)~ 1 A e ydzdX, 

c+r e „ 



where at the last step we have used Fubini's theorem. By Cauchy's theorem, the first term in the right 
hand side of the above equation is zero, and hence 

(2.3) Ky= — —f (A — A) _1 (S + X)~ l X~ e A e ydX. 

2m J-r P , A 



Since for any sectorial operator T, T(T + z) 1 = I — z(T + z) 1 is uniformly bounded in z inside the 
area of the sectoriality, the integrals 

I A(A- X)- 1 (B + \)- 1 \- B A e yd\ and J (A — X)~ 1 B(B + Xy 1 X~ e A e ydX 

converge absolutely. Hence, by (|2.3p . ICy £ T>(A) n T>{B) and 

AKy = — — [ A(A - A)" 1 (5 + X)' 1 X~ A e ydX, 
2m J-r P , eA 

BJCy = — — I (A- X)- 1 B{B + Xy 1 X~ e A 6 ydX. 

2m J-r P ,e A 

Thus, 

(A + B)Ky = / (A + B)(A - Xy^B + X)- 1 \- e A 6 yd\ 

2m J-rp,e A 

= — — [ (A-X + B + X)(A^X)- 1 (B + X)- 1 X- e A e ydX 
2m J-r„, SA 

= ~[ (B + X)- 1 X- e A e ydX~^- f {A-X)- l X- e A e ydX. 

The first term in the right hand site on the above equation is zero by Cauchy's theorem. Hence, by the 
definition of the complex powers for A, we find that 

{A + B)K,y = A- e A e y = yl. 
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Let now that y <E (E,T>(B))g^ p . Then, similarly to the previous case, y E T>(B e ). If we take c > 0, we 
have that 



JCy = — [ (A — z)^ 1 (B + z)~ 1 B~ e B e ydz 

2™ Jc+Te B 

= -L/ {A -z)-\B + z)-\±-. [ {-\)- e {B + X)-H\)B e yd Z 



2m Jc+Te f 



P-I>B 

(A - z)- 1 (-X)- 6 (B + z)-\B + X^B^dXdz 



= {^-) 2 / _ / {A-z)- 1 {-X)- e {X-z)- 1 {{B + z)- 1 -{B + X)- 1 )B e ydXdz 



= (w~) 2 I I {A-z)- 1 (B + z)- 1 (-\)- 9 {\-zy 1 B e ydXdz 
2m Jc+r„„Jr„„„ 



'c+Te B Jr p 

<W-f I I {A-z)- 1 (B + X)- 1 {-X)- 8 {X-z)- 1 B e ydzdX, 

)c+V Bn 



where at the last step we have used again Fubini's theorem. By Cauchy's theorem we find that 
(2.4) K V=^--\ (A-A)- 1 (B + A)- 1 (-A)- e i?VA. 

Since both integrals 

f A(A — Xy 1 (B + X) -1 (—X)~ e B e ydX, f (A — X)~ 1 B(B + X)~ 1 (-X)~ e B e ydX 

converge absolutely, we have that JCy <G T>(A) n T>(B) and 

AKy = ^ [ A(A-\)-\B + \)- 1 (-\)-°B e yd\, 

BICy = — [ (A- X)- 1 B{B + X)- l {-X)- e B 9 ydX. 

2m J?P,e B 



Hence, 



(A + B)Ky = -L f (A + B)(A - Xy^B + X)-\-X)- e B e ydX 
2m K* B 

= I (A-X + B + X){A-X)- 1 (B + X)- 1 {-X)- e B e ydX 

2m Jr p ,* B 

= -L f {B + X)- 1 (-X)-*B*ydX+^- [ {A-X)- l {-X)- e B e ydX. 

The last term in the above equation is zero by Cauchy's theorem, and by the definition of the complex 
powers for B, we find that 

(A + B)Ky = B- e B e y = yl. 
Now take 4> e (0, 1) and any y e E. Then, by (|2.3[) . there is 

A^fCy = ICA^y = — [ {A- z) -1 (.B + z)' 1 z^ydz. 



2ni 

- - P,"A 

Since the integral 

f A(A- z)- 1 (B + z)- 1 z' t '- 1 ydz 

•>- r P,<>A 

converges absolutely, we have that A^~ x Ky £ T>(A), which implies that JCy € T>(A^) (by the properties 
of the complex powers of an operator, see Theorem III. 4. 6. 5 in [T] ). Thus, by 1.2.9.6 and 1.2.5.2 in [T], 
we have that ICy € {E,T>{A))^' <q for any < <j)' < and any q G [1, 00). 
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Similarly, by (|2.4p we have that 

B*~ l Ky = -L f (A- z)-\B + zy x {-zf~ x ydz. 

Since the integral 

(A - zY 1 B{B + Z y 1 (-zf~ 1 ydz 



converges absolutely, we obtain that B^Ky G V(B), or that fCy G V{B^). Hence, we find as before 
that fCy G (E,T>(A))p t9 . 

Let {x n } n £f$ be a sequence in 2? (A + B) such that x„ — > and (A + B)x n — > y as n — > oo. There is 

x„ = (A + B)ICx n = JC(A + B)x n — > JCy, 
which implies that ICy = 0. By the relation 

(2.5) A- Y B- l y = {A + B)lCA~ 1 B~ 1 y = (A~ x + B^JCy, 



we find that y = 0, or that A + B is closable. That (A + B)ICy = y, for any y G E, follows by the density 
of \J e>0 (E,V(A))e tP U (E,V(B)) e , p in E, for any p G [l,oo). 

For the closedness of the sum of the two operators, let that {x„}„gN be a sequence in T>(A+B) such that 
x n — > x and (A + B)x n — > y as n — > oo. By applying K, to the last limit, we find that x = ICy. If we show 
that JC maps to V{A + B), then since (A + B)Ky = y in the dense set [\~ 6>0 {E, v i A ))e,v u ( E , T^{B))e,p, 
we will have that the sum A + B is closed. By (|2.5p . it is enough to show that K, maps to one of the 
domains V(A) or V(B). 

Since 9a > tt/2, A generates an analytic continuous semigroup on E, which is defined by 



e -wA 

2ni 



~~ [ e wX (A + X)~ 1 dX, with largwl < 9 A - 
1m J TgA 2 

For any y G E, and c < sufficiently close to zero, by Fubini's theorem, we have that 

fCe- wA y = {^-) 2 [ (A- z)- 1 {B + z)- 1 {( e wX (A + X)~ 1 ydX)dz 
2m Jc+re B Jr eA 

= (t^-) 2 I I {B + z)- l e wX {z + X)- l ({A-zy 1 -{A + Xy 1 )ydXdz 

2m Jc+T aB Jro A 

= (tt-) 2 I I {A- z)- 1 {B + zy 1 e wX {z + \y 1 yd\dz 
2™ Jc+t Bb Jt Ba 

-(w-) 2 I I (A + Xy^B + z)- 1 e wX (z + Xy'ydzdX. 
2™ Jt Ba Jc+r tiB 

By Cauchy's theorem, the first term in the right hand side of the above equation is zero, and hence 

JCe~ wA y = ^-{ (A + Xy^B - Xy 1 e wX ydX. 
2m Jt Ba 

Since the integral 

A(A + Xy 1 (B — X)~ 1 e wX ydX 
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converges absolutely, JCe~ wA y £ T>(A) and 

AtCe- wA y I A(A + Xy^B - X)~ l e wX ydX 

= ^- [ (A + \-\)(A + X)- 1 (B-X)- 1 e wX yd\ 

= -L / (B — X)~ 1 e wX ydX — [ (A + X)~\B - Xy'Xe^ydX 
2m J reA 2m J Tf)A 

(2.6) = f (A + Xy^B-X^Xe^ydX, 

2m J Toa 

where we have used again Cauchy's theorem. 

Assume that the operator A admits a bounded ff^'^(0A)-calculus. Let the sequence {e~ Wn y} n eN, 
such that | argiu„| < 9 a — § for any n, and w„ — > when n — > oo. We have that 

JCy = lim JCe~ w » A y, 

n— too 

and by (|2.6[) . that { J 4/Ce^"'™ j4 y}„ e N is Cauchy by the assumption on A. Thus, the limit of AJCe~ WnA y 
when n — > oo exists and by the closedness of A, JCy £ □ 

We define next a bounded operator valued iJ°°-calculus similar to that one in [3]. 

Definition 2.5. (Bounded operator valued H x (9) -calculus) Let E be a Banach space and A £ V{9). 
Denote by H^ E ^(9) the space of all bounded holomorphic functions f : C\Se — > £(E) such that /(A) and 

(A + z)~ x commute for any X £ C \ Sg and z £ S$, and by H^^(9) its subspace consisting of functions 
f satisfying 

sn PxeCXSg (\X\ s + \X\- s )\\f(X)\\ c{E) 

for some S depending on f. Any f £ H^^\(&) can be extended to non-tangential values in dSg, and we 
can define an element in C(E) by 

f(-A) = ^-. [ f(X)(A + X)~ 1 dX. 
2m J Fo 

We say that A admits a bounded H^ E ^(9)- calculus if \\f{A)\\^E) < C||/||oo f or an V f € ^c'(s)(^)> where 
C is independent of f and ||/||oo *s the supremum norm of \ f(X)\c(E)- Then, similarly to section II. 9 
in [5], f{—A) can be extended to a map from H^ E ^(9) to C{E). 

Let us assume that the operator A from Theorem 12. II admits a bounded H^ E ^ (#A)-calculus. For any 

y £ E, let the sequence {A~ e ™y} ne ^, such that 9„ > for any n, and 9 n — > when n — > oo. We have 
that 

JCy = lim JCA~ e "y, 



and by (jO 



AJCA~ 0n y = A-^— 
1 

~ 2~7ri 



2m 

(A + X - X)(A + A) _1 (fl - X^i-Xy^ydX 



= -L / {B-X)-\-X)-^ydX+^-. f {A + Xr^B-Xr'i-Xf-^ydX. 
*m j Tf)A im J Ti>a 

The first term in the right hand site of the above equation is zero by Cauchy's theorem and the limit 
AJCA~ Bn y when n —> oo exists by the assumption on A. Hence, by the closedness of A, JCy £ T>(A). 

Similarly, if B admits a bounded H^ E ^(9 b)-c&Icu\us, we consider the sequence {B~ 6n y} n£ fi. We have 
again that 

JCy = lim JCB~ e "y, 
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and by 

BK.B~ e "y = B-^— I (A-\)- l (B + \)- l (-\)- 6n yd\ 

(A - X)~ 1 (B + A - X)(B + Xy^-Xy^ydX 

= -L f (A-X)- 1 (-X)- e »ydX+^- f (B + XrHA-Xy^-Xy^ydX. 

The first term in the right hand site of the above equation is again zero by Cauchy's theorem and the 
limit BJCB~ 6rl y when n — > oo exists by the assumption on B. Thus, by the closcdncss of B, JCy £ TJ(B). 
Hence, we find the following result similar to the Proposition 2.7 in [6]. 

Proposition 2.1. Let E be a Banach space, A £ V(Qa) and B £ V(9b) be resolvent commuting with 
6a > Og and 6a + Ob > tt. Let also K, be the bounded operator defined in If A admits a bounded 

H^ E ^{9 a) -calculus or B admits a bounded H^ E ^{6 B)-calculus, then fCy £ D(A) n D(_B) for any y £ E 
and 



(A + B)=A + B. 



3. The abstract parabolic problem 



Let the operator B = d t in L p (0,T;E) with V{B) = {f(t) £ W lp (0, T; E) | /(0) = 0}, for some 
p £ (1, oo) and T > 0. We have that a(B) = and 

(3.7) {B + X)- 1 g= f e Mx -^g(x)dx, VA £ C, 



where by the Young's inequality for convolution, we infer that 

i _ -Rc(A)T 

IK^Ani^^^, VA£C. 
Hence, by Theorem 12.11 we get the following result on the maximal L p -regularity 

Theorem 3.1. Let E be a Banach space and A £ V(9) with 9 > ^. Then, the following Cauchy problem 

f(t)+Af(t)=g(t), /(0) = 0, m L p (0,T;E), with g(t) £ L p (0,T;E), 

for any p > 1 and finite T > 0, has a unique solution f £ f] g<1 W ' P (0,T; E) (~1 L p (0, T; (E, D(A))g jq ), 
for any q > 1, depending continuously on g, which is given by 

/(*) = I f (A + zr 1 e z ^g{x)dxdz, Vt £ [0, T]. 
2m Jr e Jo 

If 9 G \Je>o W e *(0, T; E)UL p (0, T; (E, V(A)) e , q ) for some q>l, then f £ W 1 * (0, T; £)nL*>(0, T; 25(A)). 
Moreover, if A admits a bounded H^T^AO)- calculus, then f £ W l p (0, T; E) n -L p (0, T; 25(A)) /or any 
.o£LP(0,T;S). 

By the Riemann-Lebesque lemma (see section III. 4. 2 in [Tj), the Fourier transform of a function in 
L 1 (M; E) vanish at infinity. Thus, if Re(A) > fc for some k £ R, then 

(3.8) lim \\(B + A ) 1 .9 ] | = 0, V.g £ £ p (0, T; E). 

A— >oo 

Moreover 

(3.9) + A) _1 || = 0(1), when Rc(A) > fc, Vfc £ R. 
Next, we will show that 

(3.10) ~~~~7 f (B + z)~ 1 g(t)dz = V.g(x) £ W 1,p (0, T; E) and Vfc £ R. 
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The independence of k follows by (|3.8p . We have that 

/ (B + z)- l g{t)dz = lim -L T f e^*-** g(t)dtdz 
2m J m r-Hx> 2m J_ ir J 

1 ,.sinr(.T-t) , 1 /■ a! .sinrzy 
= lim — / mi) at = lim — / q\x — v) azA 

r- »oo 77 Jq X — t r->oo 7T Jq f 

Since any 5 £ W /1 ' p (0, T; E) has bounded variation (see Theorem 8.17 in [5]), by Lemma 15.21 in the 
Appendix we get that 

^-JjB + z) g{t )dz= — = —, 
since g is left continuous at every point (see Theorem 8.17 in [8]). 

4. The abstract hyperbolic problem 

Definition 4.1. Let E be a Banach space, c > and K > 1. Lei Q^-(c) 6e £/ie class of closed linear 
operators in E such that if A £ Qjf(c), £/ien A £ V(0), 

U c = {z £ C|Re(z) > c- l^ifll!} c pi -A) and (1 + \z\)\\(A + z)-^] < K, Vz £ IL. 

4c 

A/so, /e£ Q(c) = U]f3jf(c). 

For the above class of operators, we have the following 

Theorem 4.1. Let E be a Banach space and A £ Q(c 2 ), /or some c > 0. Then, the following Cauchy 
problem 

f"(t) + Af(t) = g(t), /(0) = /'(0) = 0, *n 1/ (0, T; £), 

.9 £ W 2 < p (0, T; £) n i p (0, T; (E, V{A)) e , q ), g(0), g'(0) £ V(A) and Ag(0), Ag'(0) £ (E, V{A)) B , q , 

for any p > 1, q > 1, 6 > \ and finite T > 0, has a unique solution f(t) £ W 2 ' p (0, T; E) n L p (0, T; 25(A)) 
depending continuously on g, which is given by 

+ I [\A + z 2 )- 1 e^- t \g(x)~^Ag>(0)-^-Ag(0)-xg / (0)-g(0))dxdz, Vi£[0,T]. 

Proof. If £? is the operator from the previous section, then the problem becomes [B 2 + A)f = g in 
L p (0,T; E). Moreover, by substituting fit) = ^-<?'(0) + ^"<?(0) + u(t), we see that we can assume that 
g(0) = g'(0) = 0. Let the operator y/A, defined by the the standard way of the fractional powers of A. 
By the relation 

(4.11) (±iVI+z)- 1 = ziA + z 2 )" 1 TiAiA + z 2 )-^-?, 

and the assumption, (zLiy/A+z)^ 1 is defined on the area {z £ C | Rc(z) < — c}, since the last is mapped by 
the z -> z 2 to n c 2. If g £ T>(\/A), then since by 1.2.9.6 and 1.2.5.2 in [I], A~i {TiVA + I)g £ (E,V{A)) n<q , 
for any < n < \ and q £ [1, 00), by Lemma [531 in the Appendix and the decay property of the resolvent 
of A in II C 2, we have that iA{A+z 2 y 1 A~i {^i\/~A+cI)g, and hence by (|4.1ip . (±zv / A+z)~ 1 ( = R\/A+-0.9- 
decays like in {z £ C | Rc(z) < — c} for any < if < 1. Thus, by holomorphicity we have that 

((±tV3 - A)" 1 - (7 - A)- 1 )^ 



2™ 



lim J- / (/- X)-\±iy/A + \y 1 (TiVA + I)gdz = 0, 

' 2 ' 2 
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where C r * is defined in Lemma 15.41 By the same lemma, we also have that 

I {I-\)- 1 gd\ = \g. 



Hence, we find that 



(4.12) -L f (±i^A-X)- 1 ~gdX=lg. 

Let the family y\. z (h) £ L p (0, T; E), defined for A G iR - c, z <G iR - c', with c' > c > 0, and for any 
h G LP(0,T;E) by 



y x , z (h) = (iVA - zy^B + z)-\-iVA - X)- 1 ^ + X^h. 

There is 

VxAh) = [{i^A-z)- 1 + (—iVA - A) _1 ](z + A) -1 [{B + z)- 1 — (B + A)- J ](z - X^h 

\-lfJ3 I I W-lU (A.n ..\-ltU I \\-lt„ I 



= (WA - z)- L (B + z)- L (z + X)- L (z - A) /i - (WA - z)- L (B + A) (.2 + A) (z - X)~ h 

(4.i3) -(iVa + x)~ 1 (b + z)-\z + xy^z - xy 1 h + (iy^ + Xy^B + A)- X (z + \)-\z - \y 1 h. 



The decay property of the resolvent of A in Ll c 2 and f|4. . imply boundedness of (±ivA + z) 1 in 
{z G C | Rc(z) < -c}. Hence, by (|31? J) and (|^7T5jl . we see that the integral ofv\,(h) over |flR-c}x{flR-c'} 
converges absolutely. 

Let the bounded in L p (0,T; E) operator M. defined by 

M = TT~^ I yxA-)d\dz. 

Take g(t) G W 2 *{0,T;E) n L p (0, T; (E, T>(A))e, q ) with q > I, 6 > \ and 5 (0) = g'(0) = 0. Since 
B 2 y\Aa) = V\A b2 9), the integral 

i r 

B 2 y\, z (g)dXdz 

-c}x{iR-c'} 



(27Ti) 2 

converges absolutely. Thus, we have that A4(g) E T>(B 2 ) and 

(4-14) B 2 M(g) = [ B 2 yx Ag)dXdz. 

{ZTTl) J{iR_ c } x {iR-c'} 

Also, by 1.2.5.2 and 1.2.9.6 in Q], g G T>{</A), so that Ay Aj2 (g) = \/Ayx tZ (y/Ag). By IfOT]) . 

y/A(±iy/A + z)- 1 = zA(A + z 2 )-M-5 T ^4(4 + z 2 )" 1 , 

and hence, 

x/A(±ix/A + z)- x VAg = zA{A + z 2 )- 1 gTiA{A + z^x/Xg. 

Since g G (E,T>(A))g iq by Lemma T5. 31 in the Appendix A(A + z 2 )~ x g decays like z~ 2B in <9n c 2, for any 
i < 6' < 6. Thus, y/J(±i^/A + z)- x \fAg is bounded in iR - c or iR - d , and by (O and ([435]) . the 
integral 



1 



Ay\, z (9)dXdz 

{iS.-c}x{iR-c'} 



(27Ti) 2 

converges absolutely. Hence, A^g) G I>(A) and 

(4.15) AM(ff) = / Ay A ,,( ff )dAdz. 

[ZlTl) J{iR_ c } x {iR_c'} 
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;— C J iK — r 



By P~T4"]) and (gHHJ) , we find that 
(B 2 + A)M(g) = t-^c / I (B 2 + A)y XiZ (g)dXdz 



(2m) 

— I (~ 

2m JiM-ri V 27ri 



(27Ti) 2 

/ / (B-iV^)CB + A) _1 (-iVI- A)- 1 (B + iVl)(iVl-z)- 1 (B + z)-VArf2 

7r *j Jm-c' JiWL-c 

((B + X)- 1 + (-iVA - X)~ 1 )(B + i\/~A)(i\/A- Z y x (B + z y 1 gdXjdz. 

By (pTLU)) and (|IT2")) with g = (B + i\/A)(i\/A - zy 1 (B + z)~ x g, the above equation becomes 
(B 2 + A)M(g) = / + z + z y l (B + z y 1 gdz 

= -L / {(is/I - z)- 1 + (B + zy^gdz = g, 
2m J m _ c , 

where at the last step we have used again p.lOj) and (|4.12p with g = g. 

Now, for any h <E L p (0, T; E), by (|4.13p . Fubini's theorem and Cauchy's theorem we have that 

Mh= TT-Y2 I I {i^A- z)- l {B + z)- 1 {z + X)- 1 {z- Xy 1 hd\dz 
(2m) jjR_ C ' JiM-c 

1 



(27ri) 2 
1 

' {2mf 
1 

' (2m) 2 
1 
2ttI 



—c JiK—e 



(i\/~A - z'r^B + X)~ 1 (z + Xy 1 {z - X)~ 1 hd\dz 
(iVA + Xy^B + z)- 1 (z + Xy^z - X)- l hdzdX 

(iVA + xy^B + xy 1 (z + xy 1 (z - xy 1 hdzdx 

{iy/A- z)- 1 {B + zy 1 — hdz + — [ {iyfA- Z y 1 {B - Z y 1 — hdz 
2z 2m J iM _ c , 2z 

■f-^-r I (iVI + xy 1 (B + xy 1 ^-hdx-^ [ (iVA + xy 1 (B-xy 1 ^-hdx 

2m J iR _ c 2X 2m J iR _ c 2X 

--^ / (iVA + xy 1 (B + xy 1 ^-hdx + 7r - [ (iVA + xy 1 (B + xy 1 ^hdx 

2m J zR _ c 2X 2m J lR _ c 2X 

( ((iVA + z)- 1 -(iy/A- z)- x ){B + z)- x ^hdz 
2m ./,•„_„ 2z 



1 

2~Tri 



(A + z 2 y\B + z)~ 1 hdz, 



where we have also used the decay of (±iy/A + z) 1 in the area {z £ C | Re(z) < — c} (which follows by 
(14. lip and Lemma 15.31 in the Appendix) and (|3.9p . The result now follows by (|3.7p . □ 

5. Appendix 

Lemma 5.1. 

'"(a 2 + A 2 )- 1 (6 2 + A 2 )- 1 dA, a,6>0. 



ab(a + b) 

Proof. Let the family over t > of functions ft(x) = e~^ x \ x <E R, and the Fourier transform over x 
given by Mx)(X) = J R e~ 2niXx ft(x)dx, with inverse f t {x) = J R e 2 ^ Xx Jy?)(X)dX. There is 

2t 

By the convolution theorem f a * /& = f a ■ fa, we get that 



e 'e 



Aab 



(a 2 + 47r 2 A 2 )(6 2 + 47r 2 A 2 ) 
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where at z = it becomes 

4ao 



dX = e- (a+b)lxl dx = e-( a + b )l x l(0) 



(a 2 +47r 2 A 2 )(6 2 + 47r 2 A 2 ) J R w a + b 



□ 



Lemma 5.2. If g(t) has bounded variation in [0,a], then 

,. 1 f a , ^ sin ri , o(0+) 
lim - / g(t)——dt = 

where g{0+) = lim^o <?(*)■ 

Proof. Lemma 7.1 in [§J □ 
The following well known argument can also be found in section III. 4. 6 in pQ. 

Sectoriality extension argument: Let UcCbe closed and connected, and A be a closed linear 
operator in a Banach space E such that fl C p(— A) and (1 + |z|)||(^4 + z) -1 ] < K, for any z € fl and 
some K > 1. Let the set 

fi' = U Ae n{^ G C | |z - A| < (1 + \X\)/2K). 

Then, by the relation 

A + z = (A + \)(l + (z-\)(A + \)- 1 ), 
we have that (A + z)" 1 is defined in ft' and 

\\(A + z)- 1 \\<\\(l+(z-X)(A + X)- 1 )- 1 \\\\(A + X)- 1 \\< TT ^ 

2A-(l + |A| + |z-A|) 2K J_ = 2K + 1 

~ (l + |A|)(l + |z|) ~ (l + \z\) [ + 2K > l + \z\- 

Lemma 5.3. Let A be a closed linear operator in a Banach space E such that fl C p(—A) and (1 + 
|z|)||(A + z)~ 1 \\ < K, for any z £ fl and some K > 1, where [0, +oo) C fl C C is closed and connected 
such that dfl = {7(f) € C}tgK is a piece-wise smooth simple curve with \^{t) \ — > 00 when t — > ±00. Then, 
if y € 2?(j4)) p .0 /or some p € [1, 00) and </> € (0, 1), we ftawe i/iai z e A(A + z) y is bounded in fl for 
any 9 < <p. 

Proof. By 1.2.5.2 and 1.2.9.6 in pQ we have that x € T>(A e ) for some 6 < 8' < <f>. By a sectoriality 
extension argument we have that (1 + |z|)||(A + z) _1 || < K' for any z £ fl' D fl and some K' > K, such 
that dfl' is also a piece- wise smooth simple curve which does not intersect dfl. There exists an x E E 
such that 

y = A~ e 'x = J^f (-X)- e '(A + X^xdX. 
Hence, for any z £ fl we have that 

z e A{A + z)- 1 y = ^-A ( (-X)- e '(A + z)-\A + X)^xdX 



2ni 



iKV 



JlL A [ L^((A + z)-'-(A + X)-')xdX 

—A(A + z)- l ( ( ~ A) ~ 9 xdX-— A [ ( ~ A) " S (A + X^xdX 
2m J m , X - z 2m J dn , X - z 

7 e f r_\\-e' 

-— V J (A + X- X)(A + X)~ 1 xdX 

27 ™ Jon' A - z 

z ° r t- x) ~ 9 ' xd x+^- [ x{ ; xre ' (A+xy^xdx 



27ri Jdn> A - z 2ni J dn , X - z 

z e 



hL^— {A + X)-'xdX, 
2m Jdn' A - z 
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where the first term in the third and fifth line are zero by Cauchy's theorem. Hence, we find that 

Zm J-an 1 1 + 7 

Since the distance of z from dfl' cannot become arbitrary small (see III. 4. 7. 11 in [T]), we have that * L 

' z 

is bounded as a function of A € —dfl' uniformly in z G f2. □ 

Lemma 5.4. (Sectorial projection) Let E be a Banach space and A £ V{6). Then, for any x € 
(E,T>{A)), hq , with rj € (0,1) and q € [1, oo), there is 



[ {A + X)- 1 xd\ = 29ix. 



Proof. If C r fi 1 $, 1 = {z <G C | \z\ = r and 8\ < argz < 6> 2 }, for some r > and 81,62 € E, then by 
Cauchy's theorem we have that 

/ (l + A)- 1 dA= lim / (l + A) _1 dA = lim / (1 + re^yHre^ d<t> 

Jv e r^Jc^e.e r ^°° J -8 

= lim [ e>rf,ln(l + re^Uqb = lim In 1 + T& ., = 26i. 

r— >oo J _g i — >oo 1 + re 

If x <G (E,T>(A)) Jhq for some rj € (0, 1) and q £ [1, oo), then by the previous lemma, \X V \\\A(A + X)~ 1 x\\ 
is bounded whenever \\X(A + A) _1 || is, for any < rf < rj. Thus, by Cauchy's theorem 



(1 + X)~ (I - A)(A + X)~ xdX\\ = || lim / (1 + A) (/ — A) (A + A) a;dA|| 



< lim / |(1 + A) _1 |j|(7 - A) (A + A) _1 x||dA 

26r 

< lim sup -^^^=^^^= sup \\(I-A)(A + re l ' p )~ 1 x\\ = 0. 
r ~ >0 ° 0G(-e,e) yl + 7,2 + 2rcos0 G (-e,e) 



Hence. 



20ix = / (l + A)- 1 a-dA+ / (1 + Xy 1 ^ - A){A + X^xdX 

{1 + X)- 1 ^ + (I - A){A + Xy^xdX^ [ (A + X)~ 1 xdX. 



□ 
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